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On perfect metrizability of the functor of idempotent probability 
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Abstract 

In this paper we establish that the functor of idempotent probability measures acting in 
the category of compacta and their continuous mappings is perfect metrizablc. 
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<N 

j>^| The notion of idempotent measure finds important applications in different parts of 

mathematics, mathematical physics, economics, mathematical biology and others. One 
can find a row of applications of idempotent mathematics from [1] . 

Consider the set R of real numbers with two algebraic operations: addition © and 
multiplication defined as u © v = max{w, v} and uQv = u + v. R forms semifield with 
respect to this operations and, the unity 1 = and zero = — oo, i. e. 
^ . (i) the addition © and the multiplication are associative; 

(ii) the addition © is commutative; 

(Hi) the multiplication © is distributive with respect to the addition ©; 
(iv) each nonzero element x G R is invertible. 

It denotes by R max . It is idempotent, i. e. x © x = x for all x G R, and commutative, 
i. e. the multiplication © is commutative. 

Let X be a compact Hausdorff space, C(X) the algebra of continuous functions (p : 
X — y R with the usual algebraic operations. On C(X) the operations © and © define as 
)g '■ follow: 

Q I (p © if) — maxjyj, ip}, where >p,if) G C(X), 

[ ip if) = (f + if), where ip, if) G C(X), 

A <p = <p + Ax, where ip G C(X), A G R, and Ax is a constant function. 
Recall [2] that a functional /x : C(X) — > R(c R ma x) is called to be an idempotent 
probability measure on X, if: 

1) //(Ax) = A for each A G R; 

2) MA <p) = ix(<p) + A for all A G R, tp G C{X); 
c3 ■ 3) jJ,(ip ®if)) = n(<p) © fJ,(if)) for every ip, if) G C(X). 

For a compact Hausdorff space X a set of all idempotent probability measures on X 
denotes by I(X). Consider I(X) as a subspace of R^^. In the induced topology the 
sets of the view 

(//; <pi,(pn> -^k]£) = {v G /(X) : |^(^ t ) - v((pi)\ <e,i = l, k}, 

form a base of neighborhoods of the idempotent measure \x G I{X), where ipi G C(X), i = 
1, k, and e > 0. The topology generated by this base coincide with pointwise topology 
on I(X). The topological space I{X) is compact [2]. Given a map / : X — > Y of compact 
Hausdorff spaces the map /(/) : I(X) — > I(Y) defines by the formula I(f)(fj)((p) = 
My 90 /); f 1 ^(-^0) where G C(F). The construction J is a covariant functor, acting in 
the category of compact Hausdorff spaces and their continuous mappings. Moreover, I is 
uniform metizable functor [3]. 

Since / is normal functor then for an arbitrary idempotent measure /i G I{X) we may 
define the support of [i: supp/i = (~){A C X : A = A, /x G 1(A)}. For brevity, put 
Sfi = supp/i. For a positive integer n put I n (X) — {/t G /(X) : | *S'/x| < n}. Put I U (X) = 



1 



|J I n (X). It is known [2] that I W (X) is everywhere dense in I(X). An idempotent 

n=l 

probability measure p G I U (X) is named as an idempotent probability measure with 
finite support. Note that if p is an idempotent probability measure with a finite support 
Sp = {xi, x 2 , Xk} then it represents in the form 

P = Ai <J X1 © A 2 5*3 © ... ©Afc©^ (1) 

uniquely, where Aj G R max , i — 1, Ai © A 2 © ... © A fc = 1. 

Let /ii, p 2 G Then by (1) we have p k = A fe <5 Xfci , i = 1, 2. Put 

i=i 

A12 = A(/i!, /J 2 ) = {£ G /(X 2 ) : /faXO = //i, z = 1, 2}, 

where Hi : X x X — > X is projection onto i-th factor, % — 1,2. By definition for each 
idempotent probability measure £ G A(/j 1; /t 2 ) we have |A 2 £ — \ij\Qp{x\j, x 2k ) < 

oo. On the other hand as the set {|A 2 fc — A^l p(x±j, x 2k ) '■ j = 1, n\\ k — 1, n 2 } is 
finite there exists the number min{ |A 2 fc — Xij\ p(xij, x 2 k)}- Put 

#(//i, // 2 ) = min{ |A 2fe - Xij\ © p(x ±j , x 2k )}. 
« eAl2 (x lj , 2;2fc )e55 

In [4] shown that the map p w : I U (X) x I U (X) — > R defined as p w (/ti,/t 2 ) = 
minjdiamX, H(pi, p 2 )} is metric. Moreover, the function pj : x /(X) — >■ R 

which is an extension of p w onto completion I(X) of is a metric as well. 

We note this paper is continuation of papers [3-4] 

Let now recall some notions. Put I°(X) = X, I n (X) = I(I n ~ 1 (X)), n = 1, 2, ... . 
Consider two systems rj and ip. The system r\ consists of all maps rjx '■ X — > I(X), 
X G Comp, where n x defines as rj x (x) = 5 X , x G X. Here 5 X is a Dirac measure 
concentrated on {x}. The system ip consists of all mappings ip x '■ I 2 (X) — > I(X), 
acting as the following. Given M G I 2 {X) put ipx{M)(Lp) = M(<p), where for any 
function ip G C(X) the function Tp : I(X) — > R defines by the formula <p(/t) = p{<p)- Fix 
compactum X and for a positive integer n put ip n+ i tn = ipin-i/x) '■ I n+l (X) — > I n (X) and 

Vn, n+l = ?7/»(X) : I n {X) ->■ J" +1 (X). Note that Vn+l,n ° ?7n, n+l = ^/n (x) [2]. 

Lemma 1. ip 0j 1 : / 2 (A) — >■ /(X) is non-expanding map. 

Proof. It is enough to consider idempotent probability measures with every- 
where finite supports. Let M\ and M 2 are such measures from I 2 {X) and let SM\ = 
{pn, P12, —, Pi ni }, SM 2 = {/x 2 i, /t 22 , p 2 „ 2 }, be the their supports, where p ik are 
idempotent probability measures with finite supports, k — 1, ni, I — 1, 2. Assume 

= {4i> 4tJ- Then we have 

M = ma 5 Wl © m t 2 © 5 M;2 © ... © m fa; 5 Uln[ , 
= A' fcl © A^ 2 ^ © ... © A^ fe ^ , 

where are positive integers, A; = 1, 2, ni, 1 = 1, 2. By definition for any ip G C(X) 
one has 

V>x(M,)(<p) = M,(<p) = (m,i <J W1 © m l2 © <J Wa © ... © m Ini 5 Wn| )(^) = 
= m a ^(pu) © m i2 ^(/i i2 ) © ... © m fa! Tp(n lni ) = 
— mn Hn{(p) © m/ 2 © p; 2 (<p) © ••• © © /^(y?) = 
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= m n (A' n S x[i © X[ 2 S x[a © ... © X[ tl 5 x[ti (if))® 
®m l2 (A 21 5 x i 2i © X l 22 5 4a © ... © X l 2t2 5 4(2 (</?))© ... < 
®m lni (A^ ;1 © X l nt2 5 <(2 © ... © X l nitni (if)) 
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= ©(m a A'J <^ L © ©(m i2 A 2s ) £4 © 0(m ta; A^) 8 x i (<p) = 



s=l s=l ' s=l 

®(mi k X l ks ) 5 x i (<p), 

k=ls=l J 

i. e. 

MMi) = 0(mi* AL) S xL 1 = 1,2. (2) 

fe=l s=l 

From (2) immediately follows that 

Sipx{Mi) = {x n , x 12 , x lti , x 21 , x 22 , x 2t2 , x nil , x n[2 , x nitn ^ }, / = 1, 2. 

Suppose now S be an existing according to Lemma 3 [3] idempotent probability mea- 
sure from A(M 1 , M 2 ) such that 

pp(M 1 , M 2 ) = min{ |mii - m 2j \ © Afcj), diam/pf)}. 

(/ii«,wy)eS3 

Let G A(/i!j, /i 2 j) be idempotent measures existing by Lemma 3 [3]. Then since 
diam/(X) = diamA" we have 

P/2(Mi, M 2 ) = min{ (\m u -m 2j \0 |Aj p - A^| Qp(x] p , x 2 jq )), diamX} = 
= min{ ( \m u - m 2j \ \X] p - X 2 jq \ p(x] p , x 2 jq )),diaxaX} > 

(/xii,Wy)6S3 {xl p ,x] q )eS£ i: j 

> min{ ( \m u QXl p -m 2j QX 2 q \Qp(xl p ,x 2 q )),ditimX}> 
(tm,H2j)eSE {xl p ,x 2 jq )est i:i 

- min ^ . i min ,„„,,{ \m u QX] -m 2j QX)\Q p(x] x) )}^mmX} = 

= p / (^x(M 1 ),^x(M 2 )), 

i. e. pp(M 1 , M 2 ) > pi(ipx(Mi),ipx(M2))- Lemma 1 is proved. 
Lemma 2. p^p, 5 Xo ) = pp(5 Sxo , N) for each N G V^ 1 (/•*)• 

Proof. According to our metric it is enough to consider idempotent probability 
measures with everywhere finite supports. Fix an arbitrary point Xq G X and let p G 
Ito(X) be an arbitrary measure. Then p has decomposition of the form (1). It is easy to 
see that measure p S xo — Ai 5( X i,x ) © A 2 5( X2 <XQ ) © A& Q S( Xk , X0 ) is an unique element 
of the set A(p,5 X0 ). Consequently we have 

Pi(p, $x ) = min{diamA A , |Ai| p(x 1 ,x ) © |A 2 | p{x 2 ,x ) © |A fc | p{x k ,x )}- 

Let now A" G %l) x l (p) be a measure with everywhere finite supports. Then we have 

AT = on © 6 n © ol 2 © <^ 2 © ... © a s , 
^ = Ai 5 x{ © A* © S 4 © ... © A^ © <J x i , 
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where i — 1, 2, s. Hence Sipx(N) = {x* : j — 1, 2, z = 1, 2, s}. On 

the other hand Sipx(N) = S/i = {x±, x 2 , x^}. Put Ji = {x* G Sipx(N) : x* = 
X;}, / = 1, 2, A;. After making slight modifications we can (2) rewrite in the view 

k 

ipx(N) = 0( a.i A*) <5 xr Since ipx(N) = p, then for each 1 = 1, 2, fc, we have 

i=i x^eJi 

Xi= © A}. 

Let now we find the distance between N and : 

S 

pp(N, 5 Sxq ) = min{diam/(X), 0(|ai| <W)} = 

i=i 

= min{diam/(X), 0(|o!i| min{diamX, |A*| p(x % j , x )})} = 

i=l j=l 

= min{diamX, 0(| ai | © |Aj-| p(x), x ))} = 

i=l j=l 

= min{diamX, ©0(K|0 |Aj| Q p(x), x ))} = 
i=i j=i 

s ki 

= min{diamX, 0(|c^ Aj-| p(x), x ))} = 
i=ij=i 

k 

= min{diamX, Aj| © p(ar,, x ))} = 
fc 

= min{diamX, |Aj| x ))} = &,.„). 

Lemma 2 is proved. 

Lemma 3. If pi(fi, r/o, i(AT)) > £ tien p^I^ 771, 2 (/(^))) > e. 

Proof. As the above it is enough to consider idempotent probability measures with 
everywhere finite supports. Without loss of generality we may assume e < diamX. In 
this case pin = Hin for all positive integers n. 

n 

Let p = Xi&S Xl be an arbitrary idempotent probability measure with finite support. 
1=1 

For any $ G C(I(X)) we have 

/(r/o, OO^cD) = /(ryo, i)(0 A, = (0A,©^)($or7o : = 

i=i ;=i 

71 71 Tl Tl 

= A, <J XJ (* o r/o, 1) = A, ^(r/o, i(x,) = A, = (0 A, 6 Sxi )($). 

z=i i=i /=i /=i 

n 

This means that 1(770, i)(p) = A/ . 

s 

Let now N = r\\ 2 (0 on 5^) = S * be an arbitrary idempotent probability 

i=l © aiQ8 yi 

i=l 

measure with everywhere finite support from 77^ 2 (I(X)). We have 

n n s 

H l2 (I( m ,i)(fi), N) = Hj^XtQSs^, 5s ) = ®\\i\OH I (8 Xl , 0^0^) = 

n s s n s n 

= 0|Aj|00|ai|©p(a;/, = H 00 |Aj| Qp(x h Vi ) = N©# 7 (0 A,©^, <y = 
i=i i=i i=i 1=1 i=i 1=1 



4 



= \on\ H z {fi, <y > | Oil 0min{Fj(//, 5 y ) : <^ G % i(H x ))} = 

i=l i=l 

= | a< | ifjfri, i(/(X))} > ^1 0E>£. 
i=l i=l 

Lemma 3 is proved. 

Now Theorem 1 [3], Lemmas 1, 2 and 3 imply the main result of the paper. 
Theorem 1. The functor I is perfect metrizable. 
Note that undelivered notions one can find in [5]. 
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